The potential energy surface for the ground state of the 12 C 16 O 2 molecule is estimated through an algebraic approach based on unitary groups. It is shown that a purely algebraic approach may lead to a unphysical surface even when the fit turns out to be of a remarkable high quality. The vibrational description is obtained in the framework of the U (2) × U (3) × U (2) model, where the U (2) algebras are associated with the CO bond stretching and the U (3) algebra with the OCO bending. The algebraic representation of the Hamiltonian is obtained through the connection between the coordinates and momenta and the generators of the dynamical algebra. It is shown that through this connection is possible to choose the appropriate set of spectroscopic parameters leading to the right Potential Energy Surface (PES). The fit from which the PES is estimated involves 101 energy levels with an standard deviation of rms = 0.53 cm −1 .
Introduction
Algebraic approaches to vibrational excitations of molecules have been a common alternative in recognition pattern techniques applied to spectroscopy [1, 2, 3] . They are particularly useful when the generation of the spectrum using integro-differential techniques to solve the Schrödinger equation implies a massive computing task [4] .
These approaches, however, are often restricted to considering harmonic oscillator bases associated with vibrational normal modes. This type of basis has the disadvantage that a strong admixture of states are observed when the analysis is extended towards higher excited energy regions. However it possesses the clear advantage of keeping the connection with coordinates and momenta, providing the possibility of calculating the force constants.
An alternative approach, also within the harmonic oscillator basis, consists in considering a change to a local basis [5, 6, 7, 8] . This basis turns out to be more useful for two reasons. On the one hand it allows the results provided by the normal basis to be recovered when local harmonic oscillators are considered. On the other hand this choice opens the possibility of considering alternative bases, like Morse and/or Pöschl-Teller functions, which reflect more accurately the main physical properties of a pure local bond.
In any case, it may happen that several fits have the same accuracy level in the description of the vibrational spectrum. In such case there are two ways of evaluating the physical content of the parameters: by testing the wave functions through the description of the transition intensities or through the calculation of the molecular potential energy surface (PES) in order to compare with the result of other approaches, e.g. ab initio calculations. When the algebraic approach is based on a harmonic oscillator basis, both alternatives of parameter testing are potentially avaliable, but this may not be the case for other algebraic approaches where the connection with the configuration space is not given.
At the beginning of the eighties, a novel approach based on unitary algebras was proposed to describe the rovibrational spectra of molecules [9, 10] . This model was applied to triatomic and tetratomic molecules, with a particular success to linear molecules [11, 12, 13, 14] . From the original U (4) vibron model for diatomic molecules, stems two other models, the one dimensional (1D) limit-U (2) model-which turns out to be equivalent to the algebraic treatment of a 1D Morse or Pöschl-Teller oscillators [15, 16, 17] , and the two dimensional (2D) limit-U (3) model-which is particularly relevant for the description of bending modes of linear molecules [18] . Also the U (3) model was demonstrated appropiate for molecular systems having a behavior between the rigidly linear and rigidly bent limits, in particular quasilinear and quasirigid molecular species [19, 20, 21, 22, 23] . The basic idea behind the use of models based on unitary algebras to describe physical systems with ν degrees of freedom consists in adding an extra boson to the ν physical bosons in such a way that the total number of bosons is kept constant. Thus, the total space is appropriately cut off, allowing the description of the system in terms of an irreducible representation of the dynamical algebra U (ν + 1).
In this approach molecules are treated as a set of collective bosonic excitations, called vibrons [24] .
In the different limits of the vibron model the introduction of the scalar boson hinders the connection with traditional approaches in phase space. Consequently, the vibron model is usually used as a phenomenological approach. The Hamiltonian is expanded in terms of the generators of the dynamical algebra, where Fermi and Darling-Dennison-like interactions have to be identified. In the framework of this phenomenological description, however, it could happen that more than one fit provide the same level of accuracy for the description of the vibrational spectrum. In such a case only the study of transition intensities can lead to the right physical spectroscopic parameters. However, when the feedback provided by infrared or Raman spectra is not available, the spectroscopic parameters could correspond to a local minimum, far from their true physical values. Hence, the connection of the algebraic approach with the space of coordinates and momenta becomes crucial to elucidate the physical values of the parameters. In the last ten years successful efforts to connect the molecular algebraic approaches based on unitary groups with their corresponding description in configuration space have been made by our group. Firstly the exact connection of the U (2) model with the Morse and Pöschl-Teller potentials was established [15, 16, 17] , allowing PESs to be estimated [25, 26, 27, 28, 29, 30] . Later on a connection was established between the U (ν + 1) model of ν equivalent oscillators proposed by Michelot and Moret-Bailly [31] and the space of coordinates and momenta [32, 33, 34, 35] . More recently, an explicit connection between the U (3) algebraic model, used to describe the bending degrees of freedom of linear triatomic molecules, and the configuration space was established [36, 37] . A summary of these efforts can be found in a recently published review [38] .
Based on the explicit connection of the U (3) algebraic model with the approaches expressed in terms of coordinates and momenta, it has been possible to calculate the PES from a fit to experimental data. In particular, results for the vibrational excitations of 12 CO 2 in its electronic ground state have been presented [36] . A novel contribution of that work was that a local-mode model preserving the polyad was used to describe a molecule with a strong normal-mode behavior, taking advantage of the profits of the anharmonization approach that considers the anharmonicities from the outset [39] . In Ref. [36] from the previous calculation of Chedin [40] . In this work we analyze this discrepancy, which has led to the search of another local minimum. In fact, two sets of spectroscopic parameter, having different values of the Fermi interaction similar in magnitude but with opposite signs, give rise to energy fits of the same quality. In this work we select between these two options by comparing force constants obtained using a different approach [40] , focusing in particular on the Fermi force constant. The success of this analysis shows the importance of having access to the connection of the algebraic approach with the configuration space.
The outline of the present paper is the following. In Section §2 we briefly present the Hamiltonian in configuration space for a linear triatomic molecule. We then transform the Hamiltonian into a second quantization representation in terms of harmonic creation and annihilation operators defined from local or internal coordinates. The basic ingredients of the connection of the U (2) × U (3) × U (2) model with configuration space together with the corresponding algebraic Hamiltonian are given in Section §3.
Section §4 is devoted to the new analysis of the vibrational spectroscopic description of the CO 2 in its ground state. Finally, a summary and conclusions are presented in Section §5.
Hamiltonian for the CO 2 molecule
The approach to describe the vibrational excitations of the carbon dioxide usually consists in expanding the kinetic energy as well as the potential energy in terms of the symmetry coordinates
where the bond length displacements are denoted as q i = ∆r i = r i − r e where r i is the i-th bond length and r e is the equilibrium bond length for i = 1, 2. For the bends [41] 
where r 1 and r 2 are vectors from the C-atom to each one of the O-atoms. The unit vectors e X and e Y lie on the direction of the X and Y-axis of the axis system, with its origin in the molecule's center of mass. This set of coordinates for the bending mode is not unique, but Eq. (2) is the appropriate choice to carry out the connection to the U (3) algebraic approach [36] . Symmetry coordinates have the advantage of leading the Hamiltonian to a block diagonal matrix, whose eigenvectors carry quantum numbers (irreducible representations) associated with the symmetry group of the molecule.
In matrix formQ =qS ,
and
In terms of the symmetry coordinates and the corresponding conjugate momentã
given byP
the Hamiltonian takes the formĤ
where
The transformed Wilson matrix G is block diagonal, as expected. The expansion of the G matrix and the potential in terms of the symmetry coordinates leads to a Hamiltonian
The first term,Ĥ s , is the pure stretching contribution
The second term,Ĥ b , corresponds to the part of the Hamiltonian depending solely on bending coordinates and momentâ
The third term,Ĥ sb , embodies the stretch-bend interaction termŝ
Here G is the symmetry adapted Wilson kinetic matrix [42] , with elements ||G|| = g αβ .
An algebraic representation of the Hamiltonian (10) is obtained through the introduction of bosonic creation and annihilation operators [36] 
with the definitions
is the reduced mass of the stretching vibrational modes, and g 0 ΓΓ is the diagonal G matrix element given for the symmetry coordinates in the equilibrium.
The Hamiltonian obtained through the substitution of (14) into (10) may be diagonalized in the basis of the direct product of harmonic oscillator functions associated with each symmetry coordinate. It is possible, however, to carry out the diagonalization in a local basis, although not in a straightforward way. The CO 2 molecule presents a strong normal-mode behavior and consequently starting from a local mode scheme in configuration space does not provide us the correct description. It has been shown that a suitable approach to deal with this problem consists in introducing the following canonical transformation that preserves the polyad [36, 38, 43, 44] 
where c † i (c i ) are also bosonic operators associated with the i-th oscillator. The local operators c † i (c i ) do not correspond to the physical local bosonic operators a † i (a i ), but their action on an isomorphic local basis may be chosen to be the same. In fact we establish the isomorphism
Applying the transformation (16) together with the isomorphism (17), the following algebraic Hamiltonian in the local harmonic representation is obtained
with the definitionsn
wheren k is the number of quanta for the k-th stretching oscillator,n is the total number of bending quanta, andˆ is the vibrational angular momentum. In Eq. (18) we have restricted the interactions to preserve the polyad number P = 2(n Σg +n Σu )+(n + +n − ).
The expressions for the spectroscopic parameters in terms of the structure and force constants are detailed in Appendix A. The diagonalization of Eq. (18) can be carried out in a local basis given in terms of the direct product of harmonic local oscillators.
Because of the canonical character of the transformation (16), the diagonalization in this bosonic local basis gives rise to the same results that the Hamiltonian in terms of the original operators (14) . However, a significant improvement can be obtained proposing a local mode approach for the stretches in terms of Morse oscillators, instead of harmonic oscillators, together with the incorporation of anharmonic effects for the bending degrees of freedom, as we show in the next section.
Algebraic approach based on unitary groups
A remarkable improvement to the previous description can be achieved with the introduction of the anharmonization procedure [36, 44] 
for the local stretching oscillators. These new operatorsb † i (b i ) should be interpreted as ladder operators of the Morse eigenstates |ψ j v i with the matrix elements [26] 
where κ = 2j + 1 is related with the depth of the potential.
For the bends we have
with matrix elements [36] 
where the kets |[N ]; n correspond to the U (3) ⊃ U (2) ⊃ O(2) chain [45] . The operators b † ± (b ± ) appear from their connection with the local coordinates,Q ± , and momenta,P ± , in the framework of the U (3) model [36] We thus proceed to apply the anharmonization procedures (20) and (22), leading to the following Hamiltonian
with the definitionn
where the connection between spectroscopic parameters and force constants is assumed to be identical to the connection previously obtained making use of the harmonic basis. The first term in Eq. (25) is equivalent to two independent Morse oscillators.
Hence this Hamiltonian may be interpreted as modeling three interacting oscillators: a 2D oscillator (bending degrees of freedom) and two 1D Morse oscillators (stretching degrees of freedom). In order to carry out the necessary calculations, we select the
which corresponds to the U (3) ⊃ U (2) ⊃ SO(2) dynamical symmetry of the 2D vibron model. The diagonalization of the Hamiltonian (25) gives rise to a set of eigenvectors
where P is the polyad, Γ and γ label the irreducible representations and their components, while the set {ν 1 , ν 2 , ν 3 } corresponds to the normal-mode labeling. It should be clear that the latter are approximate quantum numbers, which can be extracted because of the approach followed in the symmetrization of the states [46, 47] . Here it is equivalent to label the states either by or Γ, γ. This labeling scheme is good enough for our purposes because the molecule is highly normal. The eigenstates (28) have the novel feature that they are obtained from an anharmonized procedure [36, 38, 43, 44] .
We now proceed to analyze the CO 2 molecule.
12 CO 2 Potential Energy Surface
In its ground state the molecule 12 CO 2 is linear with a experimental bond length r e = 1.1615Å [48, 49] . Thus, its point symmetry group is D ∞h , with four vibrational degrees of freedom: two stretching modes (Σ The diagonalization of the Hamiltonian (25) is carried out in a symmetry adapted basis which is obtained projecting the basis functions (27) [46, 47] . The spectroscopic parameters are optimized with an iterative non-linear least square method. The quality of the fit is expressed in terms of the rms deviation
where N exp is the total number of experimental energies and N par the number of parameters optimized in the fit. All the experimental data included were evenly weighted.
We assign statistical uncertainties to the obtained parameters. For each parameter x i , two types of uncertainty estimates are considered: the delta-error (δx i ) and the epsilon-error ( x i ). A detailed discussion on these two error estimates can be found in
Ref. [33, 50, 51] .
In Ref. [36] is reported a fit to 101 vibrational levels, obtaining a deviation of rms= 0.53 cm −1 . The fit encompasses all the experimental term energies up to polyad P = 9. The values for the boson numbers N s and N were found to be N s = 160 and N = 150, which were obtained by minimization using the criterion of minimum deviation. The question which arises concerns the physical character of the description.
It is widely recognized that the resulting wave functions are a very sensitive indicator and its behavior can determine whether the determined force constants are similar to the physical ones. Hence, the testing of the obtained wave functions through the estimation of transition intensities is a very exigent check of the validity of the model. In fact, this type of analysis can provide a conclusive test about the goodness of the energy fit. This alternative will be presented elsewhere by studying the Raman spectrum [52] .
In this work we shall pay attention to the quality of the predicted force constants in order to evaluate the fit quality and closeness to physical spectroscopic parameters.
Since in this molecule the Fermi interaction is crucial to obtain a fit of spectroscopic quality, a reasonable value for the corresponding force constant is expected to be obtained. In Ref. [36] the parameter obtained was α Table 1 includes state labels, both normal-mode and local-mode, as well as the square of the maximum component in each basis. The simultaneous assignment of the states in both (approximate) normal-mode and local-mode schemes is useful because in general in the same spectrum may coexist states with a local-mode character and others with a normal-mode character. The spectroscopic parameters as well as their corresponding uncertainty estimates associated with the fit in Table 1 are given in Table 2 . The epsilon and delta error magnitudes indicate that the parameters are well determined. In addition to this, the correlation matrix has been computed, obtaining matrix elements not greater than 0.96, which further supports that parameters are well determined.
From Table 2 we have the α sb 1 = −36.002 cm −1 , whose absolute value is similar to the previous one but opposite in sign. In Table 3 we present the force constants obtained from the spectroscopic parameters of Table 2 
with d = (E 1 − E 2 ) 2 + 4w 2 and corresponding eigenvectors
where N ± are normalization constants. First we note that the eigenvalues do not depend on the sign of the strength w. This explains that the spectrum is basically invariant when the sign of the Fermi parameter is changed. The situation for the eigenstates is quite different since they depend on the sign of w. Indeed, the weights of the basis change with the sign. It becomes obvious in the situation E 1 − E 2 = 0. In this case the states |ψ ± undergo the transformation |ψ ± = 1 2 {|2; 100; Σ g ± |2; 020; Σ g } → |ψ ∓ = 1 2 {|2; 100; Σ g ∓ |2; 020; Σ g } (34) with the change w → −w. This is a crucial transformation when dealing with transition intensities. In a future work we shall show that indeed, the new fit provides the correct wave functions to describe the Raman spectrum [52] .
In this work we have thus determined a different PES of 12 CO 2 molecule to that calculated in a former work [36] with similar energy fitting. By comparing the force constants with those in Ref. [40] , we have assessed that the PES obtained in the present work is very close to the physical one. We should stress that this is possible because of the connection between the algebraic approach and the space of coordinates and momenta. In an algebraic description without this connection, only when studying the transition intensities it is possible to determine whether the parameters are physical.
Conclusions
In this work we have shown a criterion to obtain the right PES of a molecule, when more than one set of spectroscopic parameters are obtained with similar quality for the vibrational spectrum. In particular we have presented the case of the 12 CO 2 molecule in its ground state. This molecule is an example where a good fit to the vibrational spectrum does not assure a good quality of the eigenstates, and consequently a full spectroscopic description.
A remarkable feature of our model is that a local description is used for a molecule with a strong normal behavior, giving rise to reasonable values for the energies as well as for the force constants. Our approach starts working out the Hamiltonian in configuration space. Its algebraic representation is obtained by introducing the bosonic creation and annihilation operators associated to the normal modes. The local description is introduced through a canonical transformation, which after an anharmonization procedure gives rise to the U (2) × U (3) × U (2) model.
A highly accurate description of the vibrational excitations 12 CO 2 is presented, with a rms deviation of 0.53 cm −1 . Compared to the deviation obtained in the harmonic limit of the Hamiltonian, rms = 1.0 cm −1 , it implies an improvement close to 50%.
The transformation from the fitted algebraic spectroscopic parameters to the force constants has allowed us to test which potential energy surface should be chosen as the physical one by comparing them with previous results, i.e. from Chedin [40] . The fits of present work and from Ref. [36] correspond to two fitting minima. Through the analysis of the Fermi resonances, we were able to discriminate between both results. We have thus shown that consistency of PES with previous results may help to determine the set of physical spectroscopic parameters. Although the obvious approach would consist in testing the wave functions, when it is not possible, this approach turns out to be crucial.
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Appendix A. Relation between algebraic spectroscopic parameters and force constants
In this appendix we present the relation of the spectroscopic parameters associated with the Hamiltonian (18) and (25) with the molecular structure and force constants.
All terms consistent with the polyad preservation are included. We should stress that these relations are not completely equal to the ones presented in Ref. [36] because of two reasons: in Ref. [36] the third term of the bending Hamiltonian (12) was not included, and there was a misprint in the expressions of the spectroscopic parameters α sb 2 and α sb 3 .
For the stretching parameters we havẽ
On the other hand, for the purely bending parameters
while for the stretching-bending interaction parameters
when the coordinates {q a , q b } are used. It is possible, however, to establish an approach to calculate the derivatives evaluated at equilibrium, as was explained in Ref. [37] . 
